Lensing of the CMB is affected by post-Born lensing, producing corrections to the convergence power spectrum and introducing field rotation. We show numerically that the lensing convergence power spectrum is affected at the 0.2% level on accessible scales, and that this correction and the field rotation are negligible for observations with arcminute beam and noise levels 1 µK arcmin. The field rotation generates ∼ 2.5% of the total lensing B-mode polarization amplitude (0.2% in power on small scales), but has a blue spectrum on large scales, making it highly subdominant to the convergence B modes on scales where they are a source of confusion for the signal from primordial gravitational waves. Since the post-Born signal is non-linear, it also generates a bispectrum with the convergence. We show that the post-Born contributions to the bispectrum substantially change the shape predicted from large-scale structure non-linearities alone, and hence must be included to estimate the expected total signal and impact of bispectrum biases on CMB lensing reconstruction quadratic estimators and other observables. The field-rotation power spectrum only becomes potentially detectable for noise levels 1 µK arcmin, but its bispectrum with the convergence may be observable at ∼ 3σ with Stage IV observations. Rotation-induced and convergence-induced B modes are slightly correlated by the bispectrum, and the bispectrum also produces additional contributions to the lensed BB power spectrum.
I. INTRODUCTION
Weak lensing of the cosmic microwave background (CMB) has now been detected at high significance, and is starting to be a valuable tool improve cosmological parameter constraints [1] . Since the CMB lensing kernel is broadly peaked at high redshift, the lensing potential is nearly linear and Gaussian, with only modest dependence on non-linear structure growth. Perturbative models of the non-linear matter power spectrum, combined with a small uncertainty from a tail of strongly nonlinear contributions, lead to lensing power spectrum predictions that are under control and accurate enough for the coming generation of experiments [2] . However a number of other effects are potentially important, including biases in lensing quadratic estimators from a variety of correlated and non-Gaussian sources [3] [4] [5] , which must also be carefully accounted for.
In this paper we calculate post-Born corrections to CMB lensing, which describe the non-linear effect of interaction between more than one lensing deflection along the line of sight. This can lead to a quantitative change to the lensing potential power spectrum that could be important on small scales. Recently Ref. [6] has claimed there are large effects on the CMB lensing power, even though earlier work has shown the effects are expected to be small and do not grow dramatically on small scales [7, 8] . Since there is no fully correct numerical calculation in the literature for CMB lensing, we will revisit the calculation and explain the expected scale-dependence of the signal and hence why the effect is indeed small.
Although the effect on the convergence spectrum turns out to be negligible for near-future observations, there are other potentially interesting effects. In particular, the composition of two unaligned lensing shears leads to a qualitatively different anti-symmetric field rotation component that is not present at linear order. It has been argued that the field rotation may ultimately limit the precision with which delensing can be used to extract small primordial gravitational wave signal from CMB B-mode polarization, though the effect is subdominant for currently planned experiments [9] and can also be delensed.
Since the post-Born effects are non-linear, they will also introduce a non-Gaussian signal. Non-Gaussianity is usually expected to be dominated by the bispectrum of non-linear large-scale structure (LSS), though this is substantially suppressed in the lensing signal due to the large number of lenses along the line of sight to the CMB. The contribution from post-Born effects to the convergence bispectrum is known to be small but potentially important for galaxy lensing [10] ; for CMB lensing the contribution could be relatively much more important since the potentials are more linear and the path length to last scattering is longer. The bispectrum signal is interesting in its own right, and potentially an additional source of cosmological information [11] , as well as a possible source of bias in CMB lensing power spectrum estimators [5] . We show that the post-Born contribution to the CMB convergence bispectrum is of comparable size to the LSS bispectrum, and substantially changes the shape of the total bispectrum signal. Post-Born effects also generate a new mixed bispectrum between the convergence and field rotation, which we show may become detectable with future observations. The outline of this paper is as follows. In Sec. II A we start by establishing notation and reviewing standard results, then describe the corrections to the lensing distortion tensor from post-Born corrections up to third order in the gravitational potential. In Sec. III we calculate the corrections to the CMB lensing convergence power spectrum and the field rotation power spectrum, and discuss their observational relevance. In Sec. IV we discuss the post-Born bispectrum, how it modifies the bispectrum from large-scale structure growth, a new distinctive mixed convergence-rotation bispectrum, and the detectability and observational importance of these bispectra. In Sec. V we asses the impact on the lensed CMB power spectra, including new contributions proportional to the mixed bispectrum. We finish with conclusions, and relegate some details of the post-Born calculations to appendices. Throughout we assume a flat statistically-isotropic and homogenous ΛCDM universe evolving according to General Relativity and use natural units (c = 1). Example numerical results are based on linear power spectra from camb [12] , with baryon density Ω b h 2 = 0.022, dark matter density Ω c h 2 = 0.122, scalar perturbation power at 0.05Mpc −1 of A s = 2 × 10
with constant spectral index n s = 0.965, Hubble parameter H 0 = 67 km s −1 Mpc −1 and one minimal massive neutrino with m ν = 0.06 eV. Corrections to the matter power spectrum from non-linear growth are modelled by using halofit [13, 14] . Since post-Born effects are small on large scales we use the flat-sky and Limber approximations throughout.
II. CMB LENSING POTENTIALS

A. The Lens Equation
In weak gravitational lensing, a photon emitted by some distant source will follow geodesics that are perturbed with respect to the background due to intervening gravitational potentials. The aim is therefore to find some expression for the deflection angle in terms of the underlying perturbations. Working in the conformal Newtonian gauge, a linearly perturbed FLRW spacetime can be written as
where a is the scale factor, η the conformal time, Ψ N and Φ N are the scalar metric potentials and γ ij the unperturbed spatial metric
where χ is the comoving radial distance. As we are interested in calculating the paths of null geodesics, we will only be interested in the Weyl potential
At late times and in the absence of anisotropic stress, such as in the matter and dark energy dominated era, Φ N = −Ψ N = Ψ. The Weyl potential can then be directly related to the comoving matter perturbations via the Poisson equation. Weak gravitational lensing can be described by considering the difference in the paths taken by null geodesics in the background and our perturbed spacetime,x µ and x µ . Without loss of generality, we consider an observer at x = 0 such that photons in the background spacetime will follow null geodesics parameterized byx µ = (η 0 − χ, χθ S ). The deflection angle α a can be defined by projecting the angular components of the deviation vector δx = x −x onto the sphere [15] 
where e a i are basis vectors orthogonal to θ and a denotes angular coordinates {θ, φ}. As the deflection angle is just a vector, it can be decomposed into two irreducible components corresponding to two degrees of freedom
where φ is the lensing potential, Ω the curl potential and ∇ = χ∇ ⊥ is the covariant derivative on the sphere defined by θ. In order to relate the deflection angle to the metric potentials, we have to obtain the deviation vector from the integral solutions to the null geodesic equation in the perturbed spacetime. The angle θ of an observed source is related to the unlensed source-plane angle θ S by the deflection angle:
The linearized mapping between the source plane and the image planes is described by the Jacobian matrix A ab , which is defined by 
The left plots shows the lensing efficiency function χ 2 W (χ, χs) for χs at redshift z = 1 (red, dashed) and z = z * (blue). The right plot shows the lensing potential power spectrum C φφ L generated using the non-linear Weyl potential power spectrum PΨΨ for z = 1 (red, dashed) and CMB lensing (z = z * ,
Here κ is the lensing convergence, γ = γ 1 + iγ 2 is the complex lensing shear and ω is the image rotation, which vanishes at linear order. The weak lensing convergence and rotation can then be determined from the deflection angle α by
As the deflection angle α only has two degrees of freedom there is an equivalence between the convergence κ and E-mode (gradient) shear γ E , as well as between the curl ω and B-mode (curl) shear γ B . The deformation of the Jacobian matrix, denoted ψ ab , encodes all the information regarding lensing and is defined by 1 [16] 
The convergence, shear and rotation can be expressed in terms of the distortion tensor ψ ij in the conventional way κ =
B. Leading-order result
The leading order contribution to lensing can be derived by adopting the Born approximation. In this approximation we implicitly assume that the photons travel along unperturbed geodesics x (0) ≈ θχ and that the initial deformations, including any lens-lens coupling between lenses at different redshifts, are sufficiently small that we may assume ψ
ab ≈ 0. Solving the null geodesic equation to linear order in the metric potentials, the deviation vector will be given by [17] 
where commas denote spatial transverse derivatives ∇ ⊥ . At linear order, θ a S is given by 11) and the lensing deflection angle is therefore
At linear order, the curl potential is identically zero and the deflection angle is just α = ∇φ, where the projected lensing φ potential is defined to be [17] 
Using Eqns. (2.9) and (2.7) together with the Born approximation leads to the first-order deformation tensor
where we have introduced the lensing efficiency function W (χ , χ) 15) in which Θ(x) is the Heaviside step function. The concomitant lensing observables {κ, γ E , γ B , ω} may then be extracted by the appropriate contractions of the deformation tensor ψ ab along with the usual definition of the angular power spectrum between two fields Γ and Γ , Γ( )Γ ( ) = (2π) 2 C ΓΓ δ D ( + ), see Appendix B 1 for further details. In the flat-sky approximation, the 2D angular Fourier-transform at a fixed comoving radial distance χ is given by
Consequentially, the spatial derivatives of the potential can be expressed in terms of the angular Fourier transform Ψ [8]
Under the lowest-order Limber approximation the power spectrum of the Weyl potential is given by [18] 
where P ΨΨ (L/χ, z(χ)) is the 3-dimensional Weyl potential power spectrum at a redshift of z(χ).
Combining these results, the linear lensing potential power spectrum for a source planes at χ s and χ s (with χ s < χ s ) can be written as
where we can suppress the second argument when both source planes are the same. For CMB lensing the last-scattering surface is well approximated by a single source plane at z s = z * , where z * is the redshift of the peak of the visibility, and the CMB lensing potential power spectrum is given by
. At linear order, the curl potential C ωω L is identically zero. Most work on post-Born corrections in the literature has focussed on galaxy lensing at z ∼ 1 [7, 8, 10, [20] [21] [22] [23] . Compared to galaxy lensing, the CMB lensing kernel peaks at substantially higher redshift, and the lensing potential power is larger due the greater path length to last scattering (see Fig. 1 ). The CMB lensing spectrum is sensitive to non-linear corrections to the matter (and hence Weyl) power spectrum, but at a much more modest level than galaxy lensing due to the greater dependence on higher redshifts. This and the increased lensing amplitude make the post-Born corrections potentially relatively more important for CMB lensing.
C. Post-Born corrections
Post-Born corrections account for the fact that photons do not travel along the same path as background geodesics, giving non-linear corrections to the distortion tensor. There are several distinct couplings that can arise. One, the lens-lens coupling, accounts for how the change in the ray bundle shape by one lensing event affects the amount of lensing generated by a later lensing event: for example, convergence cause by one lens reduces the beam cross-section, and hence the differential deflection experienced during a subsequent lensing. There are also ray-deflection effects, from changing gravitational potentials in the direction in which the ray path is bent. In this section we outline the calculation of the post-Born corrections to third order in Ψ. For post-Born corrections to the convergence power spectrum, contributions arise from couplings between the first and third order terms ("13"), and second-second terns squared ("22"). The couplings between the first and second order terms do not contribute to the power spectrum in the Limber approximation, even with non-zero potential bispectrum [8] . However couplings of first and second order terms will be important in the discussion of the bispectrum in Sec. IV.
In order to introduce higher order corrections, we can introduce a Taylor series expansion of the potential Ψ about an unperturbed geodesic position x 0 :
The last term is effectively third order in the potential but it must be retained as it will couple to the first order terms in the power spectrum. The deflection path is expanded perturbatively and implicitly depends on the higher order corrections to the potential
Using these expressions, we can now express the potential Ψ(x) at the deflected position using integrals over the undeflected path
This can be substituted into the expression for the deformation tensor ψ ab in order to derive a perturbative expansion for the deformation tensor to 26) where x is the perturbed x at radial distance χ . This equation can be solved iteratively order by order with the zeroth order solution being
Working to O(n) is achieved iteratively allowing us to relate the deformation tensor to the angular deflection order by order
Following [7] we will also decompose the corrections to the deformation tensor into various contributions 29) where α denotes the term under consideration. The basic structure that we see in the higher order corrections can be described in terms of ray-deflection corrections (D), arising from corrections to the path of the photon, Lens-Lens coupling (L), arising from the iterative correction of the deformation tensor of distant lenses due to foreground lenses along the line of sight, and Deflection-Lens coupling (X) terms that arise as cross-terms between these two effects.
First Order
At first order we find
where we now drop the explicit θ dependence as terms are evaluated at the unperturbed position unless explicitly stated. The only source term at this order is given by Ψ ,ab .
Second Order
At second order the deformation tensor is given by
The two expanded source terms that arise at this order are given in Eqs. (A2) and (A3) [7, 8, 21] , and describe respectively lens-lens coupling and a contribution from changing gravitational gradients in the direction of the ray deflection (we call terms depending on δx d , 'ray-deflection' terms).
Third Order
Finally, at third order we find
The source terms at third order are given by A4, A5, A6, A7 and A8 [7, 8, 21] . These results also agree with those derived in the geodesic light cone gauge (GLCG) when subleading terms, containing only two angular derivatives acting on the metric perturbations, are neglected [25] . Note that the expressions here differ from those given in Eq. (16) of Ref. [6] . Although the third-order contributions look complicated, in the Limber approximation the only non-vanishing contribution to the post-Born power spectrum corrections is sourced by Ψ ,abgf δx (1) g δx (1) f , all other "13" terms vanish. See Appendix A and Appendix B for further details.
III. LENSING POWER SPECTRA
Correct expressions for the power spectra have been derived in Refs. [8, 9] , but since there has been confusion in the literature, we review the arguments again in detail in Appendix B 1. Since even with post-Born corrections the lensing effect is still entirely described by a deflection angle, there are only two degrees of freedom: the E-mode (gradient) shear and convergence spectra remain equivalent, as do the field rotation and B-mode (curl) shear.
In the context of CMB lensing, Ref. [26] directly solve the Boltzmann equation using a diagrammatic approach to include interaction terms and non-trivial correlations to arbitrarily high orders. They find that the corrections to the CMB temperature power spectrum from lens-lens couplings are on the order of 0.1% of the CMB temperature power spectrum for up to 3000. More recently, [6] claimed that post-Born corrections lead to large effects on the CMB lensing spectra with contributions that are comparable to the power generated by nonlinear structure formation on small scales. They claim that post-Born corrections lead to relative changes on the order of ∼ 1% for the E-mode spectrum and ∼ 10% for the B-mode spectrum. In the next few sections we detail the derivation of the post-Born corrections and provide heuristic arguments as to why the corrections are small, in agreement with numerical simulations incorporating post-Born effects [27] . Finally, we note that we have neglected contributions from tensor modes, large scale structure vorticity, non-lensing GR effects and second order vectors sourced by scalars [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . 10 -8 
A. Post-Born Corrections to C κκ
The leading correction to the convergence spectrum reduces to
where L = L − L and the coupling matrix is given by
The coupling matrix is of the form of the linear result for the convergence power spectrum with additional weighting by C κκ L (χ), the convergence power to radial distance χ. Parametrically
whereχ is some effective average along the line of sight (χ ∼ χ s /2). The two terms in Eq. (3.1) correspond to the "22" and "13" contributions to the power spectrum from the perturbative expansion. In a statically isotropic universe the lensing correlation function is invariant under constant angular displacements, but this symmetry is not reflected in the perturbative expansion of the fields (which can change by O(1) when the wavelength is smaller than the deflection). The symmetry manifests itself at the power spectrum level as a cancellation between large "22" and "13" contributions to the power spectra from large scales, in the same way as in many other standard perturbation theory analyses in cosmology 4 . Nonetheless, the small-scale post-Born correction is dominated by the residual coupling to larger-scale modes. Contributions from large-scales appear in the integrand of Eq.
and performing a series expansion gives the leading order result 4 , the contributions are on the order ∼ 0.25%. For scales accessible by a number of upcoming CMB missions, i.e. L ∼ 5000, the contributions are on the order of 0.2% with the post-Born corrections dominating over cosmic variance at L ∼ 3000 for ∆L = L/10. The right plot demonstrates the changes in the convergence power spectrum due to different nonlinear power spectrum fits: it shows changes in the total power spectrum (including post-Born corrections) generated using variations of halofit from Refs. [13] (purple, original), [39] (purple), [40] (green, most recent), compared the reference result without post-Born corrections from Ref. [14] (blue). The post-Born corrections are a subdominant error in comparison to current non-linear modelling uncertainty.
The two terms are the same order, but the second term numerically dominates and qualitatively describes the shape and sign of the post-Born power spectrum at L 1000. Parametrically we then have
Thus the small-scale lensing power is increased by [κ(χ)] 2 , the variance of the convergence due to lensing modes on larger scales. Since the lensing variance from modes L 2000 most relevant for CMB lensing is less than 0.005, this is a very small correction. The fractional contribution is in reality further suppressed by negative contributions from similar and smaller scales, and because non-linear growth of structure boosts the leading-order convergence power spectrum and reduces the effective path length for post-Born contributions because relatively more of the lensing happens at low redshift.
On scales L 1000 the post-Born spectrum is very small but dominated by negative contributions. The negative contributions mostly come from coupling of similar scales, but there is a tail coupling to smaller scales which can be approximated by the series expansion result for L L:
where derivatives are with respect to the first argument. This expression captures the negative sign and shape of the post-Born contributions on large scales, but not the amplitude since couplings to smaller scales do not dominate. There is a change in sign of the total contribution around L ∼ 1000, since on smaller scales the positive coupling to larger scales (Eq. (3.4)) starts to dominate. Numerical results for the post-Born correction are shown in Fig. 2 , compared to the asymptotic result of Eq. (3.4) and its dominant sub-term. The series expansion result is a good fit to the asymptotic small-scale correction. On all scales the post-Born contribution is very small. Fig 3 shows that the 0.2% contribution to the convergence power is well below cosmic variance at L 3000, and highly subdominant to modelling uncertainties that arise from non-linear structure growth.
Since there is no first order field rotation, its power spectrum comes entirely from second-order lens-lens coupling terms, and is given by [7, 9] 
The numerical calculation is shown in Fig. 2 , and is of comparable size to the post-Born corrections to the gradient spectrum. However, since the rotation spectrum is zero at leading order, there is no leading cosmic variance contribution to limit detectability, making the rotation signal potentially more detectable. The curl lensing signal can be measured using maximum-likelihood or quadratic estimators, as for the gradient signal [31] . However the simplest quadratic estimator for ω is not actually exactly orthogonal to the convergence estimator, and there are also non-zero N
L contributions to the signal from the much larger convergence field. Here for a first estimate of observational relevance we simply assume that these effects can be removed accurately (for example the N (1) L can be estimated from the realization of the large-scale well-resolved convergence modes, or the convergence field can be delensed). Table I shows however that even under ideal assumptions the curl power spectrum signal will remain undetectable until noise levels reach ∼ 0.25 µK arcmin. Note that the rotation modes are uncorrelated to the leading-order convergence modes, meaning that the cross-spectrum vanishes C κω L = 0, as expected from their different parity.
IV. POST-BORN AND TOTAL BISPECTRUM
Although the post-Born effects are hard to see in the auto power spectra, a detailed measurement of large-scale structure could in principle be used to predict what the post-Born corrections should be, and hence serve as a template for seeing the post-Born effects in cross-correlation with a CMB lensing reconstruction. Since the leading post-Born effect is second order, the template would be a quadratic combination of the large-scale density fields. The correlation can also be described in terms of a bispectrum between a pair of tracers of the large-scale structure and a CMB lensing field.
For any three fields the bispectrum is defined by
We focus here on the case where all three tracers are from CMB lensing. The leading contribution to the bispectrum is given by correlation of second-order post-Born corrections with two linear terms. Expanding Eq. (2.31) in harmonics gives the secondorder term
from which we can form the convergence contributions from κ = 
where ⊗ is a dot product for Z = κ and a cross product for Z = ω, and we defined
A. The κκκ bispectrum
For the convergence the total post-Born bispectrum follows immediately from Eq. (4.4) as
3 . The top row shows the tree-level LSS bispectrum and the bottom row shows the non-linear fit of Scoccimarro and Couchman [41] ("SC"). The left plots show the post-Born contributions, the middle plots the large-scale structure contributions and the right plots the cancellations that occur due to negative contributions from the post-Born bispectrum in approximately flattened configurations, i.e. L1 + L2 ∼ L3. For approximately equilateral configurations, i.e. L1 ∼ L2 ∼ L3, we find an enhancement of the total bispectrum. The grey dashed line denotes the b κκκ = 0 contour. In the equilateral limit, the tree-level LSS bispectrum is enhanced by a factor of ∼ 2 by the post-Born corrections and the non-linear SC LSS bispectrum by a factor of ∼ 1.5.
This agrees with the galaxy lensing result of Ref. [10] when restricted to observing the convergence (trace of the distortion tensor) directly.
Non-linear structure growth will also give additional contributions from the large-scale structure bispectrum, which in the Limber approximation has the form [42] 
The potential bispectrum on the right-hand side of this equation can be approximated by the tree-level result for the fractional matter density perturbations [43] :
where
The baseline tree-level result has A = B = C = 1 in Eq. (4.9), so that F 2 is independent of redshift, but even in this case we use the non-linear P δδ from halofit to improve accuracy [41] . We also consider extended fitting formulae for A, B and C from Scoccimarro and Couchman [41] (denoted "SC") to assess the order of magnitude of fully non-linear corrections beyond tree level 
Post-Born Total Lens-Lens Deflection FIG. 5. Left two plots: comparison between slices of the lensing convergence bispectrum from post-Born corrections (red) and LSS (treelevel with and without the non-linear fit of SC [41] ) for equilateral and folded (mode-aligned) configurations. The total (black, post-Born plus LSS with SC) is suppressed by cancellations for the folded shape, and slightly enhanced for equilateral. The right two plots show the contributions to the post-Born bispectrum from the lens-lens term (purple) and ray deflection (cyan): for aligned folded shapes the lens-lens effect is substantially larger and negative; for the equilateral configuration the ray-deflection term is twice as large as lens-lens term, giving a positive total equal to minus the lens-lens contribution. Negative contributions are shown dashed. The different shapes of the LSS and post-Born bispectra are illustrated in the slices shown in Figs. 4 and 5. The post-Born signal cancels a significant part of the LSS bispectrum, and slightly enhances the equilateral signal, substantially changing the total shape from that expected from LSS alone.
Since lensing reconstruction noise grows rapidly on small scales, most of the signal in the bispectrum is in semi-squeezed shapes, involving one larger-scale mode. For k 1 k, with the short mode k ≡ (k 2 − k 3 )/2, we have
where ϕ is the angle between k 1 and k, and on the scales of interest the derivatives are negative. If we consider the baseline tree-level bispectrum where F 2 is independent of redshift, we can also write
[LSS] (4.11) 
Scaling with redshift of the LSS (SC fit, dotted) and post-Born (solid, positive, and dashed, negative) contributions to the convergence bispectrum for equilateral and folded shapes. At low redshifts the post-Born contributions are much smaller than LSS, but for CMB lensing (z = z * ) they are coincidentally of comparable order of magnitude on relevant scales. The bispectra here are plotted normalized by the convergence power to remove the total growth in lensing signal with redshift, so the curves represent a measure of the amount of nonGaussianity.
The squeezed structure of Eq. (4.10) is then inherited by the convergence bispectrum,
In the post-Born case we have analogously
On the scales of interest the coefficients of the monopole and quadrupole part of the post-Born spectrum are both negative, but in Eq. (4.13) they are both positive. We can therefore expect a partial cancellation between the contributions to the bispectrum. Although the approximate results of Eqs. (4.10) and (4.13) are based on a series expansion, since the next term is O(L 2 1 /L 2 ) they provide quite a good qualitative fit to the full result for L 2L 1 .
Whether there is total reduction depends on the particular triangle shape, since the relative size of the quadrupolar contribution is much larger in the post-Born case. In the particular case where the long and short modes are orthogonal (cos 2ϕ = −1) we have the post-Born contribution
which is positive, and LSS contribution L) , also positive. However, when the modes are parallel (cos 2ϕ = 1) they have opposite sign:
Contributions for cos 2ϕ ∼ 1 are larger than cos 2ϕ ∼ −1 because the monopole and quadrupole parts contribute with the same sign, and hence the net effect is that the post-Born bispectrum reduces the total signal compared to that from the tree-level large-scale structure bispectrum alone. This is illustrated by typical numerical results for semi-squeezed shapes are shown in Fig. 6 as a function of the small-scale mode.
The shape of the bispectrum and partial cancellation with the LSS signal can easily be understood in simple cases. A converging lens causes contraction of the ray bundle, so if there are two lens events the ray area is smaller at the second lensing event, the difference in potential gradients across the beam is lower, and hence there is less effect from the second lens than if the first lens had not been there: mathematically, (1 − κ) 2 > 1 − 2κ, so combining two converging lenses has less effect than adding the convergences linearly. An overdensity will have positive convergence, so consider combining a large lens and a small lens both of positive convergence: since the combined effect is smaller than obtained by linearly adding the two convergences, there is an anticorrelation between the large-scale lens convergence and the amplitude of the total small-scale convergence observed (corresponding to a negative bispectrum). On the other hand density perturbations grow faster the more dense they are, so there is a positive correlation between large overdensities and the magnitude of small scale perturbations on top of them (corresponding to a positive bispectrum). Contributions per log L1 to the naive CMB lensing convergence bispectrum signal to noise as a function of the largest-scale mode L1 for various noise levels (increase from current (Planck left), to third and fourth generation observations on the right). The red curve shows the signal from post-Born effects if it were the only contribution to the bispectrum, the green line shows the corresponding result if the only signal were from LSS (with the difference between the tree-level (blue) and fit of Ref. [41] (green) giving an indication of the likely importance of fully non-tree-level effects). In reality only the total is observed, which has lower signal to noise (black line) due to partial cancellations between the different contributions.
The above argument applies in the case where all the modes are aligned, so that the contraction of the ray bundle in the two lensing event is in the same direction. More generally, there are two effects contributing to the post-Born bispectrum: From Eq. (2.31), there is the lens-lens coupling (as described above), but there is also the additional distortion that arises if the distortion field is changing in direction in which the ray is deflected. For example, a ray passing the edge of an overdensity may be deflected towards the centre, where the potential gradients are larger, leading to more lensing that if the two contributions had been added independently. In the case of the squeezed bispectrum, when the small and large-scale modes are orthogonal to each other the lens-lens coupling is effectively zero because the deflections are in opposite directions: the bispectrum is then dominated by the deflection effect which is positive, so there is a small enhancement of the LSS bispectrum. For mode-aligned squeezed shapes, the lens-lens effect is much larger, which means the dominant effect on the total bispectrum is a suppression of the LSS signal by post-Born contributions. The modes are also aligned in the folded shape: the post-Born effect also partly cancels with the large-scale structure signal that arises from the non-linear pancaking as structure grows and the formation of filaments 6 . At lower redshifts, the non-linear growth of filaments and clusters leads to a large equilateral LSS bispectrum; here the post-Born effect is actually positive, since the ray-deflection effect is twice as large as the lens-lens suppression. However, for CMB lensing the redshifts being probed are relatively high, and very small-scales cannot be reconstructed, so equilateral shapes do dominate the signal from LSS alone. The relative contributions of lens-lens and ray-deflection terms are shown in the right two plots of Fig. 5 .
The fact that the post-Born and LSS contributions are of comparable order of magnitude for CMB lensing is a coincidence that only occurs for very high redshift lensing source planes, making post-Born contributions important to determine the total shape and amplitude rather than a small correction as for galaxy lensing at lower redshift [10] . Fig. 7 shows the scaling with redshift of the non-Gaussianity from post-Born and non-linear LSS for a couple of shapes. For higher-redshift source planes there are more independent lenses along the line-of-sight, a larger fraction of the path length is at higher redshifts where non-linear effects are smaller, and the low-redshift non-linear sources have lower weight in the lensing kernel: the non-Gaussianity from LSS gets substantially suppressed. However the lensing amplitude grows with redshift (see Fig. 1 ), so the impact of multiple-lens couplings increases, and the post-Born contributions have larger amplitude: post-Born contributions become relatively much more important at high redshift.
To assess the observational significance of the bispectrum we can roughly quantify the detectability by considering the optimal estimator for the bispectrum in the zero signal limit, assuming Gaussian quadratic-estimator reconstruction noise on the lensing measurement. This approximation is not expected to be accurate due no-zero signal contributions and non-Gaussian contributions to the covariance, and in principle for low noise levels it could also be possible to improve on quadratic estimators using more optimal estimators [9] . But in practice is likely to get an upper limit on how important the signal could be. We use the flat-sky Fisher matrix for the bispectrum template amplitude at zero signal [48, 49] I . Configuration of various experiments considered for approximate signal to noise estimates assuming simplistic lensing reconstruction noise modelling. The signal to noise (S/N ) are given for the post-Born correction to the convergence power spectrum (∆κκ), the field-rotation power spectrum from post-Born (ωω), the total convergence bispectrum (post-Born + LSS, κκκ) and the mixed convergencerotation bispectrum (only from post-Born, κκω). Multipoles used are < 4000 in all cases a and use quadratic estimator lensing reconstruction noise for the minimum variance estimator [47] (no iterative delensing, and taking the noise to be Gaussian and uncorrelated). The noise in the table is that for the temperature; we assume √ 2× larger noise for the polarization (except Planck, where the factor is 2× as not all the detectors were polarized). The beam is given as a full-width half-maximum (FWHM). All results assume all cosmological parameters are fixed and non-linear corrections from halofit [14] and Scoccimarro and Couchman [41] ; post-Born effects on C κκ L are negligible, and in practice would also be swamped by non-linear modelling and parameter uncertainties. a In the published version it was intended to use only < 3000 in TT since the very small-scale signal will be foreground dominated, but the table is for < 4000. If the < 3000 cut is made in TT the detection significances are somewhat decreased, with 2.3σ for ωω with S5, and 2.7σ for κκω and 14σ for κκκ with S4.
where F −1/2 gives the fractional error on the bispectrum amplitude estimate and N κ includes signal and noise variance on the convergence field. Fig. 8 shows the contributions to the (S/N ) 2 as a function of the largest mode for a few experimental configurations. In all cases a substantial fraction of the signal comes from semi-squeezed and folded shapes involving at least one relatively large scale mode 7 , and the signal to noise including both post-Born and LSS contributions is significantly lower than if either had been present separately due to the partial cancellation. Beyond tree-level contributions to the bispectrum ('LSS SC fit') give a noticeable but modest increase in signal, but could be somewhat larger with a more realistic fully non-linear LSS bispectrum calculation.
The possible signal to noise for various observational configurations is shown in Table. I. In the case of Planck-like noise, the LSS signal alone would ideally be (un)detectable at about 1.1σ, which the addition of the post-Born contributions lowers to 0.8σ. For more sensitive observations the signal is much more important, and would potentially be detectable at ∼ 25σ with 'S4' observations with 1 µK arcmin noise and few-arcminute beam. At low noise levels, where smaller scales modes become resolved and contribute to the largest-scale in the bispectrum signal, the reduction in signal from post-Born contributions remains significant: without the post-Born contributions the ∼ 25σ would have been ∼ 40σ: post-Born contributions are important to correctly model the shape and amplitude of the bispectrum signal.
The impact of a lensing convergence bispectrum on lensing power spectrum estimation is investigated in detail in Ref. [5] and shown to lead to a non-negligible bias on some lensing reconstruction quadratic estimators for low noise levels. These biases be thought of as particular (non-optimal) estimators for the bispectrum amplitude. As such they can be expected to have substantially lower significance than the optimal estimator, for example for Planck noise levels biases due to the bispectrum should be negligible (much less than 0.8σ, in agreement with Ref. [5] ).
B. The κκω bispectrum
The field rotation is a distinctive signal of lens-lens coupling and strongly non-Gaussian, giving a distinctive bispectrum. Working to O(Ψ 4 ), we only need to consider the bispectra involving one rotation mode coupled to two convergence modes, κκω , as other bispectra combinations, such as κωω or ωωω , only appear at higher orders. Eq. (4.4) then gives the mixed bispectrum 16) where ± denotes the sign of sin ϕ 21 (the bispectrum has odd parity, so the lengths of the vectors do not uniquely define the sign). Numerical slices through the bispectrum are shown in Figs. 9. In this case the naive Fisher signal-to-noise is given by assuming the lensing reconstruction noise on the rotation and convergence are uncorrelated. Although the field rotation is very small, there is no linear signal, so there is no leading-order cosmic variance contribution to the rotation noise N ω L3 , which makes the mixed bispectrum potentially detectable with future observations. The lensing reconstruction noise on the ω is also lower than that on κ on large scales when using EB reconstruction estimators. Table I shows that with idealized assumptions the mixed bispectrum could become detectable with stage four (S4) observations and beyond, but is negligible for observations currently underway. The rotation bispectrum could also source a bias in deflection quadratic estimators, similar to the effect from the LSS bispectrum discussed in Ref. [5] . Since the optimal estimator for the bispectrum is currently negligible, the bias should also be negligible, however in future once the bispectrum becomes a substantial signal the rotation contribution to the bias should also be accounted for.
V. CMB B MODES AND CMB POWER SPECTRA
Lensing affects the CMB power spectra by smoothing out the peaks, transferring power to small scales, and producing Bmode polarization. The corresponding lensed power spectra can be calculated using standard methods [50, 51] . Since the postBorn contributions to the lensing power spectra are much smaller than the leading contribution, for temperature and E-mode polarization the change in lensed spectra due to the additional post-Born contributions is negligible: the tiny 0.2% changes are shown in Fig. 10 . This is however assuming the lensing potential is Gaussian, which is not entirely accurate since post-Born and LSS growth both induce a non-zero bispectrum. Contributions from the post-Born convergence bispectrum are somewhat larger than the tiny effect shown in Fig. 10 from the change in the lensing power spectrum [52] . However, the convergence bispectrum actually has larger contributions from the LSS bispectrum, so a full calculation must include both. Since it is not predominantly a post-Born effect, which is the focus of this paper, we refer the reader to detailed calculations in Ref. [53] . There we show that the total bispectrum contribution still only changes the lensed CMB power spectra at a level that negligible for the foreseeable future.
For the B modes the post-Born effects are potentially more important, since on small scales, B-mode polarization from primordial gravitational waves is expected to be negligible and the signal is almost entirely from the B modes from lensing. The dominant signal is from lensing by the linear CMB lensing potential, and the corresponding lensed B-mode power spectrum is easily calculated accurately following Ref. [51] . Here, we focus on the small additional contributions from post-Born lensing, and use the leading flat-sky series-expansion approximation which captures the main effect accurately: the lensed polarization tensorP ab can be expanded in terms of the unlensed tensor P ab as
Assuming negligible unlensed B modes, using Eq. (2.5) to decompose the deflection in terms of curl and gradient components, We have taken the total lensing contribution sourced by the both the potential C φφ and the curl C ΩΩ components. For 3000, the post-Born corrections to the TT, EE and TE spectra are 0.05% and therefore negligible. The lensed C were calculated using the leading-order perturbative flat-sky result. The right plot shows BB power spectra induced by lensing of scalar E-mode polarization, separately for the potential φ (blue, convergence) and the curl Ω (green, rotation) contributions. The dashed lines show the low-approximations as given by Eq. (5.6). The red-dashed lines show the BB power spectra sourced by primordial gravitational waves with various values of the tensorto-scalar ratio r. For ∼ 100, the post-Born curl contributions to the BB spectrum can be comparable to the contribution from primordial gravitational waves for r 10 −6 . All results shown here neglect contributions from non-Gaussianity of the lensing field.
we get the Fourier-space expansion [17, 49] 
where ϕ is the angle between and and E( ) are the unlensed E-modes. The dominant contribution comes from the first linear lensing potential (φ) term. The small post-Born correction to the gradient potential φ only has a small fractional effect, but the curl contribution (Ω) is potentially more interesting: it has different symmetry properties, and for a given fixed spectrum shape rotations generate small-scale B modes more efficiently than gradient deflections [35] . Note that since Ω from post-Born is second order, φ contributions to the second term are the same order in Ψ as the (small) leading Ω contribution. We first focus on the leading rotation-induced B modes given by [9, 31] 
3)
The leading purely rotation-sourced B-mode power spectrum is then
where C EE is the unlensed E-mode polarization power spectrum and = − . The numerical result is shown in Fig. 10 . For low , Eq. (5.4) is approximately given byC contribution from the correlation between the leading rotation and the second order convergence contributions (Eq. 5.7); red shows the O(φΩ) × O(φ) term from correlating the leading convergence contribution with the mixed contribution to the second order term (Eq. 5.8). On large scales the mixed term dominates the rotation contributions as it has a white rather than blue spectrum; both bispectrum terms are very small on small scales. Dashed lines denote negative contributions.
On large scales it therefore scales as 2 , and has a steeper slope than the gradient B-mode which has a white-noise spectrum. Specifically, at large scales we havẽ
At ∼ 100 most relevant for primordial gravitational waves the lensing B-mode power sourced by field rotation is five orders of magnitude lower than the dominant convergence signal: it will not be an important source of confusion for gravitational waves with r 10 −6 (see Fig. 10 ). The qualitatively different large-scale behaviour appears because the leading-order curl contribution is a total derivative: the leading-order lensed polarization tensor is α c ∇ c P ab , where for a curl deflection α c ∇ c
Small-scale modes of Ω and P ab give, on large scales, an uncorrelated contribution to Ω∇ c P ab , which therefore has a white spectrum like the gradient-induced B modes. But only the total derivative enters the lensed polarization, so the curl component has a blue spectrum and is suppressed on large scales.
On smaller scales the B-mode rotation becomes relatively more important, and the geometrical enhancement of the lensed B-mode production described by Ref. [35] , makes the total fractional effect on the BB power spectrum fractionally somewhat larger than the fractional effect from the gradient lensing spectrum. The effect on the BB power spectrum is still small though, 0.2% at < 3000. At the map level the rotation B-mode contribution makes about 2.5% of the total lensed B-mode r.m.s., but only affects power spectra at a low level.
The rotation modes of Eq. (5.3) are uncorrelated to the dominant leading-order convergence modes, since C κω L = 0. However there are additional couplings from the b φφΩ bispectrum that lead to a small correlation. Specifically, contributions to the BB power spectrum from a coupling between Eq. (5.3) and the second-order term involving the product of two φs in Eq. (5.2) is
The post-Born bispectrum is given by Eq. (4.16) and the numerical result for the corresponding contribution to BB is shown in Fig. 11 . Since it only comes from a correlation involving the sub-leading convergence modes, it is the same order as C BB (rotation), but substantially smaller on small scales. The leading rotation-induced B contributions are therefore well approximated as uncorrelated to the convergence-induced B modes. The leading effect on lensing convergence reconstruction estimators should therefore be similar to uncorrelated noise component, and should not substantially limit gradient lensing reconstruction for the near future [9] . In principle the curl component can also be reconstructed and partially delensed as for the dominant gradient component: maximum-likelihood reconstruction can just estimate the full α field.
There is a further contribution to the lensed BB power spectrum involving the rotation, a O(φ) × O(φΩ) term from the correlation of the leading convergence mode with the mixed convergence-rotation contribution to the second order term. It also involving the bispectrum and is the same order in Ψ:
This term is shown in Fig. 11 , and in fact dominates the rotation contributions on large scales because it has a white rather than blue spectrum there. On small scales it is much smaller than the leading rotation contribution. Although Eq. (5.8) dominates the curl contributions to the power, it should not in itself substantially impact residual delensed B-mode power: delensing substantially reduces the leading φ contribution at the map level. Compared to the dominant convergence B-mode power without delensing, it is four orders of magnitude smaller and hence negligible. As mentioned previously, there are also additional terms involving the convergence bispectrum that contribute to all the lensed CMB power spectra; here we have focussed only on the distinctively post-Born rotation, see Ref. [53] for full details of the other contributions.
VI. CONCLUSIONS
Post-Born lensing of the CMB has several small but interesting effects, some of which will become observationally relevant quite soon. Specifically, post-Born lensing:
• Gives corrections to the lensing convergence power spectrum, but only at the 0.2% level, which is small enough to be negligible (in agreement with Refs. [8, 27] , but contrary to Ref. [6] ).
• Introduces a field rotation (curl) power spectrum, which will remain negligible for the near future, but ultimately may be detectable using curl lensing reconstruction [9] .
• Contributes significantly to the convergence bispectrum, at a comparable amplitude to the signal from non-linear largescale structure growth. For flat (mode-aligned) shapes with largest post-Born signal, there is a partial cancellation with the LSS bispectrum, reducing the total bispectrum signal (but remaining detectable with upcoming observations). Including the post-Born convergence bispectrum signal will be important to get the correct shape and amplitude of the full signal, and hence cosmology from the bispectrum [11] and bias on quadratic estimators [5] .
• Produces a mixed convergence-rotation bispectrum, which may be detectable for observations with µK arcmin noise and few-arcminute beam.
• Modifies the lensed temperature and E-polarization CMB power spectra, but only at a negligible 0.2% level. The full leading effect of post-Born and LSS lensing non-Gaussianities on CMB power spectra is calculated in Ref. [53] , and does not change this conclusion.
• Produces a distinctive lensed B-mode from field rotation, which to leading order is a total derivative and hence has a blue spectrum on large scales. The signal is negligible compared to gravitational waves with r 10 −5 . On small scales rotation B modes contributes about 2.5% of the B-mode amplitude, but are largely uncorrelated to the larger gradient contribution [9] .
• Produces contributions to the lensed CMB power spectra from non-Gaussianity of the lensing field which slightly correlate the rotation and convergence B modes. On large scales the dominant curl-dependent contribution to the lensed BB power is from a mixed bispectrum coupling with a white spectrum (but still four orders of magnitude smaller than the dominant convergence B-mode power).
We have only considered bispectra involving the lensing convergence or rotation in detail, but post-Born corrections are also expected to be relevant for bispectra involving CMB lensing and large-scale structure (and galaxy lensing). Mixed bispectra may provide a probe of the rotation signal, and the post-Born and LSS convergence bispectrum could lead to a bias to the crosscorrelation between the reconstructed lensing potential and tracers of large-scale structure. Future work should investigate these in more detail, along with a detailed calculation of the bias on lensing reconstruction power spectrum estimators using the full LSS plus post-Born bispectrum [5] .
There still remains uncertainty in the detailed modelling of the non-linear matter distribution. In this work we adopted variations of the halofit non-linear matter power spectrum, and simple fits for the matter bispectrum, both calibrated to Nbody simulations. Uncertainty in these predictions are far more important than post-Born contributions for the lensing power spectrum, and limit the accuracy to which the total bispectrum can be calculated. . The results in this paper were derived using Julia [55, 56] and Python. Part of this work was undertaken on the COSMOS Shared Memory system at DAMTP, University of Cambridge operated on behalf of the STFC DiRAC HPC Facility. This equipment is funded by BIS National E-infrastructure capital grant ST/J005673/1 and STFC grants ST/H008586/1, ST/K00333X/1.
Appendix A: Post-Born source terms
First Order
At first order, we have just the one trivial source term:
Second Order
At second order, we have the following source terms:
Third Order
At third order, we have the following source terms 10 :
Appendix B: Derivation of power spectrum corrections
In this appendix we explicitly derive the post-Born corrections at order O(Ψ 4 ). Under the Limber approximation, the only surviving "13" term is given by a 13D ray-deflection correction to the convergence and shear. The "22" terms reduce to a particularly convenient expression with only the 22L "lens-lens" term contributing to the curl spectrum. The results in this appendix manifestly agree with Ref. [8] and Ref. [7] . We also explicitly show that the terms in Ref. [21] vanish as noted by Ref. [8] . 10 Note that ψ
a. 22D Correction
The 22D correction corresponds to second-second order ray deflections 11 . Schematically, the structure of the 22D correction is given by
However, a number of cancellations occur upon evaluating the Wick contractions for the angular Fourier transform of the potentials Ψ. Notably, we will find two vanishing and one non-vanishing contribution. The first vanishing Wick contraction is given by
where we have used Eq. (2.18) to evaluate the contractions. This term collapses, however, as
The second vanishing Wick contraction is given by
which also vanishes as δ
The only non-vanishing Wick contraction is given by
which produces a term
When coupled with the delta functions on the second line of Eq. (B1), we will find a term
where the integration is carried out over L. The non-vanishing contributions will therefore reduce to the following [7, 8] 
where = − , we have introduced a relabelling L = and M ( , ) is the mode coupling kernel as in Eq. B37. The 22D correction is expressible via an integration over a common kernel for the various lensing observables [7] 
where, following [7] , we have introduced a set of geometric factors for the weak-lensing observables
The other second-second correction, the 22L correction, also provides a non-vanishing contribution to the post-Born power spectrum. Much as we did with the 22D correction, the 22L corrections are schematically given by
As before, upon calculating the Wick contractions we find a number of convenient cancellations. As the structure of the Wick contractions is identical to the 22D correction, we will note reproduce the vanishing contributions. The non-vanishing Wick contraction is given by
When coupled with the delta functions on the second line of Eq. (B8), this kernel
where the integration is again carried out over L. The 22L corrections can therefore be shown to reduce to the following contributions [7, 8] 
which simplifies to an integral over a common kernel weighted by the appropriate geometrical factors
where the 22L geometrical factors are defined to be [7] 
The 22 lens-lens coupling induces power in all weak lensing observables but the parity violating terms will still oscillate causing non-trivial cancellations after integration over the azimuthal angles.
c. 22X Correction
The final second-second order correction arises from considering the cross terms between corrections due to relaxing the Born approximation as well as lens-lens coupling terms. The derivation of these terms proceeds in exactly the same way as discussed above. The kernel for this integration has the schematic form
which will lead to only one surviving Wick contraction. This non-vanishing term is again
The 22X corrections are therefore given by [7, 8] 
which can be re-expressed as
where the geometric factors are given by [7] 
The corrections from all the contributions of second-second order can be re-written in a more compact form by noting that a number of convenient cancellations occurs. By summing over the deflection, lens-lens and deflection-lens coupling terms, the total 22 corrections will reduce to [8] 
with the 22 geometric factors now being given by
This agrees with the expected equivalence between the E-mode shear and convergence as well as an equivalence between the B-mode shear and curl power spectra [8] .
e. 13D Correction
Under the Limber approximation, we can show that this is the only non-vanishing 13 correction that will survive [8] . The 13D term encapsulates the ray-deflection corrections to the geodesic path of the photon bundle. The first-third order term can be shown to reduce to [7, 8] 
where we have introduced the geometric factors [7] 
f. 13X Correction
The contributions from the 13X correction can be shown to vanish under the Limber approximation. This can be seen by looking at the structure of the power spectrum for the 13X terms 
Evaluating the Wick contraction on the angular Fourier transform of the potentials Ψ leads to two vanishing and one nonvanishing contribution. The first vanishing Wick contraction is given by
as the delta functions imply that we have the following term in the integral δ D (χ − χ )W (χ , χ ) = 0, hence this vanishes. The second vanishing Wick contraction is given by
which again implies that we have a term of the form δ D (χ − χ )W (χ , χ ) = 0, hence this also vanishes. The non-vanishing Wick contribution is given by
This can be shown to collapse to a contribution of the form
This contribution is odd parity under L → −L and will therefore vanish [7, 8] .
g. 13L, 13X1 and 13X2 Corrections
The 13L term also vanishes due to the implicit restriction χ < χ < χ in the integrals [8] . If we consider the structure of the 13L correction we see that 
The Wick contractions of the angular Fourier transform of the potentials leads to terms such as
The delta function δ D (χ − χ ) will cause the integral to vanish as W (χ, χ) = 0. The second Wick terms lead to
which also kills the integral as W (χ , χ )W (χ , χ )δ D (χ − χ )δ D (χ − χ ) = W (χ, χ )W (χ , χ) = 0. The final Wick term leads to
for which W (χ , χ )W (χ , χ )δ D (χ − χ )δ D (χ − χ ) = W (χ , χ )W (χ, χ ) = 0 as W (χ, χ) = 0. Similarly, the 13X1 and 13X2 corrections lead to Wick contractions that kill off the integral and consequentially none of these terms contribute to the post-Born corrections at O(Ψ 4 ) under the Limber approximation. This result is in agreement with [8] who also argue that the ψ (3C) ab term, in their notation, necessarily vanishes due to the restriction χ < χ < χ in the integrals.
Power spectra
Now that we have the corrections to the deformation tensor to the appropriate order, we can start to construct the power spectra up to O(Ψ 4 ). Statistical homogeneity demands that the two-point correlation of the deformation tensor obeys
This object can then be used to define the two-point statistics of the various lensing observables by the appropriate contractions. The power and cross-spectra of the observable fields α, β = κ, γ E , γ B and ω are defined by [7] C κκ = 1 4 [C 1111 + 2C 1122 + C 2222 ] ,
For CMB weak lensing, we will only require the power spectrum for the lensing potential C φφ and the curl potential C ΩΩ . Under the Limber approximation, the power spectra for the lensing potentials to order O(Ψ 4 ) simplifies considerably. The only surviving 13 corrections correspond to the ray-deflection terms [7, 8] . This term is just given by
and we have adopted the standard notation in the literature [7, 8] and introduced a mode-coupling kernel
For the 22 corrections, we sum over the ray-deflection, lens-lens and deflection-lens coupling terms to find the total effective correction. This is given by [7, 8] 
where the 22 geometric factors are given by
γ E = cos(ϕ ), G
γ B = sin(ϕ ), G
ω = sin(ϕ ).
As can be seen above, there is an equivalence between the E-mode shear and the convergence as well as an equivalence between the B-mode shear and curl power spectra due to the fact that the deflection angle only has two underlying degrees of freedom. Note that whilst we have opted to use the Limber approximation, a full-sky treatment of these terms is possible but would be more involved [33] . The role of full-sky corrections in CMB weak lensing is left to future work.
